An inverse method for the assignment of natural frequencies and nodes of normal modes of vibration by the addition of grounded springs and concentrated masses is presented. The method relies entirely on measured receptances at the coordinates of the nodes and the modi"cations. Measurements at other locations are not needed, neither is there any need for an analytical model. The sti!ness and mass parameters are determined by an analysis of the null space of a matrix containing the measured receptances. Example problems are used to illustrate the application of the technique.
INTRODUCTION
The problem of determining the natural frequencies and mode shapes of modi"ed structures [1] has important applications for the avoidance of resonances and the placement of vibration nodes. The tutorial paper by Ram [2] describes the two main methodologies based on the measured transfer functions or spectral (and modal) data from the unmodi"ed system and an analytical model. The classical vibration absorber is a particular case of structural modi,cation. A zero will be assigned to the point receptance of the combined absorber-primary system at the connection point when the absorber is undamped, but its e!ectiveness will be limited to a very narrow separate two words band of frequencies when tuned to the resonant frequency of the main system. The damped vibration absorber can provide good broadband response but is not capable of completely eliminating the primarysystem vibration. Ram and Elhay [3] studied the undamped multi-degree-of-freedom vibration absorber and treated the problem of determining the parameters of the secondary system as an inverse eigenvalue problem [4] . This is the problem of determining the terms in the sti!ness and mass matrices that will produce speci"ed natural frequencies and mode shapes.
Inverse methods were applied to the structural modi"cation problem by Bucher and Braun [5] *this means that the modi"cations to the structure were determined entirely from the measured vibration data without the need for an analytical model. Their method relied upon extracting the left eigenvectors from noisy data in order to assign the modeshapes of the modi"ed system * this led to an ill-conditioning problem which was treated by regularisation using L-curves [6] . Inverse methods for structural modi"cation are important because, (i) the available analytical models may be inaccurate*possibly because ad-hoc modi"cations have been made to the physical structure, or (ii) an analytical model does not exist. Structural modi"cations are often needed to change the vibration behaviour of existing in-service machines under complicated operating conditions.
Mottershead [7] investigated the sensitivity of the zeros and, Mottershead and Lallement [8] showed how poles and zeros of an undamped (or lightly damped) structure could be shifted by a unit-rank modi"cation. They established the necessary and su$cient conditions for the cancellation of a pole with a zero to produce a vibration node when the zeros were distinct. Mottershead et al. [9] studied the problem of pole}zero cancellation for the cases of repeated poles, repeated zeros, and both repeated poles and repeated zeros together.
In this paper, an inverse method is proposed for the assignment of one or more vibration nodes by means of structural modi"cations. The ill-conditioning experienced in the Bucher and Braun method [5] does not occur when the proposed technique is used. The method relies only on measured receptances. The modi"cation is determined from an analysis of the null space of a matrix which contains the measured data. Measurements are not needed at every coordinate but only at the coordinates of the nodes and the modi"cations. Neither is a "nite element model needed.
Two speci"c cases are considered: (i) assignment of nodes at an unspeci"ed frequency and (ii) assignment of nodes at a speci"ed frequency. In the following section, the theory of structural modi"cation (based only on measured receptances) is explained. Simulated examples are used to illustrate the technique.
THEORY
The generalised eigenvalue problem
is considered where the sti!ness and mass matrices K, M 3RL The eigenvalue problem of the modi"ed system due to a grounded spring can be written as
where
e D is the fth column of I LL denoting that the modi"cation k is applied at the fth coordinate and is the desired change in the sth eigenvalue. When equation (3) is premultiplied by
If we want to create a node at the pth coordinate, we consider the pth and f th equations
But * NQ "0 if a node is present. Thus, from equation (6) a node can occur at coordinate p if
This result is independent of k and since * DQ O0 then the node occurs at p at the frequency of a zero in h ND ( * Q ). When this frequency has been found then k is determined from equation (6) as
For the case of a mass modi"cation at the same coordinate f we can write
so that the node occurs at the coordinate p at the frequency of a zero in h ND ( * Q ) and the mass modi"cation m is determined by
Case (b): Assigning of m nodes of a normal mode at an unspeci,ed frequency.
If the modi"cation is achieved by the introduction of m grounded springs at coordinates f, g, h, 2 then
which (when premultiplied by H( * Q )) can be rewritten as
Writing equation (12) in the expanded form
it is seen that the pth, qth, rth, 2 equations can be written as
$ $
If p, q, r, 2 are the coordinates of the vibration nodes (separate from the modi"cation coordinates f, g, h, 2 ) then * NQ "0, * OQ "0, * PQ "0, 2 and the fth, gth and hth equations (from equation (13)) can be written as
The two sets of equations can be assembled in matrix form as
when damping is neglected, and
Observing that
the nodes can be assigned at the frequencies " * Q given by the zeros of det(
However, the matrices H , H contain measured frequency responses at discrete frequencies determined by the acquisition and processing of sampled measurements. The zeros of det(H ( * Q )) are determined imperfectly from measured data so that
We apply the singular value decomposition, set the smallest singular value to zero and reconstruct the initial matrix as
where r is the number of retained singular values, and the singular values and vectors are given in the usual notation. In practice null
is given by the right singular vector corresponding to the discarded (smallest) singular value.
In the case of a modi"cation by m concentrated masses at coordinates f, g, h, 2 we again obtain equation (16) but becomes , where
With the same considerations as in the previous sti!ness modi"cations case the analysis leads to
We can use sti!ness and mass modi"cations together and in this case is obtained in the form
depending on the position of the springs and masses. The modi"cations are then obtained by using the corresponding equations (21) and (24). Such alternative modi"cations can be used when one of the modi"ed system matrices loses its positive de"niteness, the modi"cations are excessively large, or to avoid the use of any negative modi"cations. Case (c): Assigning of m nodes at a speci,ed frequency * Q " I Q .
The nodes are assigned at m coordinates p, q, r, 2 by m#1 springs and/or concentrated masses at coordinates f, g, h, 2 . We "nd that
. Then,
or similar equations containing or , where 
SIX-DEGREE-OF-FREEDOM MASS}SPRING SYSTEM
We study the mass}spring system shown in Fig. 1 where all the sti!nesses and masses are unity.
The initial mass and sti!ness matrices are A transformation can be chosen so that the modi"cation applies to a single coordinate. In this case a transformation using
and transforming the coordinates from
to
has the property that a spring (k ) between coordinates 1 and 2 is the same as a grounded spring at coordinate 1 in the rotated system of coordinates. Also, a node at coordinate 1 (in the rotated system) means that the spring connecting coordinates 1 and 2 is desensitised. The frequency responses of the rotated system become
and for example, the point receptance hI is Example 1. Our purpose is to create a node at m by adjusting the grounded spring at the "rst coordinate of the rotated system described in equation (31). We begin by rotating the system using the transformation equations (29)}(31) and in the description that follows the frequency responses and the masses and springs are given in the rotated system. In this case f"1, H "h and H "h so that * Q is given at the zeros of h and kK "!1/h ( * Q ) (the circum#ex denotes a modi"cation). With * Q "(1.848 rad/s), h ( * Q )"1.1064, we obtain kK "!0.90 introducing a node at coordinate p"4 in mode s"5. The same node can be assigned by a mass modi"cation and in this case, m L "1/( * Q h DD ( * Q ))"0.26. The natural frequencies and the zeros for the cross-receptance h of the rotated system after sti!ness and mass modi"cation are given in Tables 1 and 2 , respectively. The modes of the modi"ed systems are presented in Tables 3 and 4 . As observed from Fig. 2 , we used the third zero of h but the other two could have been used instead and would lead to di!erent solutions. The node was obtained by a cancellation of the "fth pole with the third zero in the rotated system for both types of modi"cation. The physical interpretation of a modi"cation to k in the rotated system is an identical modi"cation to k in the initial system. The modi"cation to m would be a distributed mass between coordinates 1 and 2.
Example 2. Consider the case of imposing nodes at coordinates p"2 and q"4 by grounding two springs at coordinates f"1 and g"5.
In this case
and the variation of the det(H ( )) is presented in Fig. 3 . Choosing a solution *"1.4139 rad/s at the second &measured' zero we obtain the matrix A as 
and
" !0.8168 0.4080
The modi"cations due to grounding lead to a new sti!ness matrix
and by solving the new eigenvalue problem we obtain the sixth eigenvalue with the nodes at coordinates 2 and 4. It can be seen that the positions of the nodes are not exactly at the prescribed coordinates (0.0002 in each case). This is due to the application of singular value decomposition which is used to obtain a null space of A at a sampled frequency which does not coincide exactly with a zero of det(H ( * Q )). The same e!ect is apparent in Example 1 although singular value decomposition was not necessary in that case because of its simplicity. The obtained solution leads to a sti!ness matrix which is not positive de"nite and therefore we may prefer to apply a mass modi"cation. At the same frequency * we obtain the concentrated masses
"! !0.0005 1.4139;0.4080
"! !0.8168 1.4139;0.4080
The modi"ed system has "1.4139 rad/s and the corresponding eigenvector given by equation (41).
A combined mass and sti!ness modi"cation
" !0.0005 0.4080
leads to "1.4139 rad/s and the same eigenvector as before. This solution also leads to positive de"nite system matrices.
Example 3. Create a node at m at a natural frequency of "1.6 rad/s by grounded springs at coordinates 1 and 5.
In this case, 
The natural frequencies and the normal modes after modi"cation using grounded springs are presented in Tables 5 and 6 . The node is assigned exactly at the prescribed coordinate because the matrix A is not square and therefore possesses the null space N which can be determined without approximation. 
The assignment of a node at m at the natural frequency "1.6 rad/s can be obtained by using the combinations kK , m L or m L , kK and in this case the "rst is preferred because both modi"cations have positive values.
TEN-DEGREE-OF-FREEDOM FINITE ELEMENT BEAM
A beam with hinged ends is shown in Fig. 4 . It has a rigidity of 60;10 N m and its mass per unit length is 1200 kg/m. Each element is 1 m long. The natural frequencies of the beam are given in Table 7 .
Example 4. Create a node at coordinate 4 (lateral displacement) at a natural frequency of "30 rad/s by grounded translational springs at coordinates 2 and 3.
In this case, The values of the spring constants are kK "934 kN/m, kK "1443 kN/m.
The "rst four natural frequencies and modes of the beam after the modi"cation are given in Tables 8 and 9 . The third mode shape is presented in Fig. 5 where the vertical lines indicate the position of the added sti!nesses kK and kK .
CONCLUSIONS
A structural modi"cation procedure is presented leading to the assignment of one or more vibration nodes either at speci"ed or unspeci"ed frequencies. The method relies only upon measured receptances at the coordinates of the nodes and the modi"cations. A mathematical ("nite element) model is not needed. An exact closed-form solution is available when both the frequency and nodes are speci"ed. Small errors due to the frequency sampling may be introduced when nodes are prescribed without specifying a desired frequency.
